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k Hole Entropy in M-theorySurya GanguliNovember 27, 20021 Introdu
tionIt has long been known [1, 2℄ that Einstein's equations of general relativity, when applied to bla
k holesolutions, are analogous to the laws of thermodynami
s. The 
rux of the analogy lies in the 
omparisonof the following two equations. The �rst, dM = 18��dA (1)is purely a 
onsequen
e of the equations of motion of general relativity and the se
onddE = TdS: (2)is just the �rst law of thermodynami
s, relating energy to entropy. In (1), M is the mass of a bla
k hole,A the area of its horizon, and � the surfa
e gravity near the horizon. Einstein's equations furthermorepredi
t that A 
an never de
rease in any physi
al pro
ess, just like entropy S, thereby motivating the ideathat a bla
k hole's entropy is proportional to the area of its horizon. Hawking put this analogy on �rmerground by using semi
lassi
al gravity te
hniques to show that a distant observer sees thermal radiation attemperature T = �2� emanating from a bla
k hole [3℄. This observation �xes the entropy of a bla
k holeto be S = A4 , and of 
ourse after equating a bla
k hole's mass M with its energy E, equations (1) and (2)are exa
tly identi
al.If we are to take seriously the above analogy between a bla
k hole and a thermodynami
 systemwith a given temperature and entropy, then we should be able to derive the entropy from mi
ros
opi

onsiderations, simply by 
ounting states. One of the great su

esses of string theory is that it 
anderive this entropy mi
ros
opi
ally for 
ertain 
lasses of supersymmetri
, BPS saturated bla
k holes. Thepurpose of this paper is to summarize the work of [4℄ in whi
h this derivation is 
arred out for a parti
ular
lass of 
harged bla
k holes in an N = 2 d = 4 supergravity theory obtained by 
ompa
tifying M-theoryon S1 �M where M is a Calabi-Yau three-fold. There the ma
ros
opi
 entropy S = A4 as a fun
tion ofbla
k hole 
harges was 
al
ulated from supergravity 
onsiderations and 
ompared to a mi
ros
opi
 entropy
al
ulated from a dual des
ription involving a sigma model into the moduli spa
e of �vebranes 
arryingthe same 
harges as the supergravity solution. The two entropies agree to leading order in the re
ipro
alof the bla
k hole 
harge. Following [4℄, in se
tion 1 we summarize the 
al
ulation of the ma
ros
opi
entropy, and in se
tion 2 we summarize the mi
ros
opi
 
al
ulation, exhibiting the agreement. Finally inse
tion 3 we state 
arefully the regimes of validity of the 
al
ulations summarized in se
tions 1 and 2 and
omment brie
y on why the 
al
ulations agree.2 The Ma
ros
opi
 EntropyUpon 
ompa
tifying M-theory on S1 �M one obtains an N = 2 d = 4 supergravity theory 
oupled toh1;1 ve
tor multiplets and h2;1 + 1 hypermultiplets, where h1;1 and h2;1 are the hodge numbers of the1



Calabi-Yau three foldM . Thus we generi
ally have a total of h1;1+1 massless U(1) gauge �elds in our lowenergy theory.1 One gauge �eld, the graviphoton in the supergravity multiplet, 
omes from Kaluza-Kleinredu
tion of the M-theory metri
 g�� on S1, while the other h1;1 gauge �elds in the ve
tor multiplets
ome from redu
tion of the M-theory 3-form C��� on the h1;1 two-
y
les of M . Let (p�; q�), where� = 0; : : : ; h1;1 be the magneti
 and ele
tri
 
harges of a bla
k hole solution under the above h1;1 + 1gauge �elds, with � = 0 
orresponding to the graviphoton �eld.Four dimensional BPS bla
k hole solutions with the spe
i�ed 
harges were found in [5, 6℄, and further-more their ma
ros
opi
 entropy was 
omputed. In these solutions, the hypermultiplet moduli are held at�xed 
onstants. However, the ve
tor multiplet moduli, 
ontrolling the 
omplexi�ed Kahler 
lass of M ,
ouple to the ele
tromagneti
 �elds, and hen
e vary as a fun
tion of radius in the bla
k hole solution. Thisvariation in the moduli �elds is su
h that as one moves from asymptoti
 in�nity to the bla
k hole horizon,the moduli �elds must satisfy a damped geodesi
 equation on moduli spa
e. Be
ause of this, regardless ofthe value of the moduli at asymptoti
 in�nity, the moduli approa
h a �xed point in moduli spa
e at thehorizon. One 
an �nd these �xed points by sear
hing for solutions with 
onstant moduli, and it turns outthat the �xed point depends only on the bla
k hole 
harges (p�; q�). Furthermore, the area of the horizon
an be expressed solely in terms of the values of the moduli at the horizon and the N = 2 prepotential Fevaluated at this same point in moduli spa
e.It is well known that the N = 2 prepotential F obtained upon 
ompa
tifying M-theory on S1 �M orequivalently, type IIA on M is a fun
tion of the ve
tor multiplet moduli given byF = DABCXAXBXCX0 : (3)Here (X0; XA), A = 1; : : : ; h1;1 should be thought of as proje
tive 
oordinates on the ve
tor multipletmoduli spa
e, and DABC are interse
tion numbers given byDABC = 6 ZM �A ^ �B ^ �C (4)where �A form an integral basis of H2(M;Z). It should be emphasized that this formula is a 
lassi
alapproximation, and in the IIA language 
an re
eive �0 
orre
tions both perturbatively and nonperturba-tively. The nonperturbative 
ontributions 
ome from worldsheet instantons whi
h 
ause DABC to be
omethe stru
ture 
onstants of the quantum 
ohomology ring of M . These 
orre
tions 
an be ignored when allve
tor multiplet, or Kahler moduli are large 
ompared to string s
ale.In any 
ase, given that the bla
k hole's 
harges determine the moduli at the horizon, and the area ofthe horizon is determined by F at the horizon, the entropy, or area, 
an be expressed solely in terms ofthe 
harges and the interse
tion numbers! This formula is given byS =r(DABCpApBpC)(q0 + 112DABC pCqAqB) (5)It is this ma
ros
opi
 entropy that must be explained by 
ounting states in some mi
ros
opi
 des
riptionof the bla
k hole.3 The Mi
ros
opi
 EntropyThe state 
ounting strategy used to reprodu
e the ma
ros
opi
 entropy (5) for a given set of ele
tromag-neti
 
harges, is to start with M theory on S1�M �R3;1 and 
onstru
t the bla
k hole mi
ros
opi
ally by1There will be extra massless gauge �elds at spe
ial points in the ve
tor multiplet moduli spa
e where some 2-
y
les haveshrunk to zero size, but these points will not be relevant to the bla
k hole solutions whose entropy we wish to 
al
ulate.2



wrapping various 12 BPS M-theory obje
ts, in parti
ular M-theory �ve branes, around appropriate 
y
lesin order to 
arry the given set of 
harges. Now 12 BPS states in spa
e time, su
h as the 12 BPS bla
k holesolution in the N = 2 d = 4 supergravity theory, 
orrespond to fully supersymmetri
 states in the lowenergy world volume theory of the 12 BPS M-theory obje
ts [7℄, whi
h mi
ros
opi
ally represent this bla
khole solution . So to reprodu
e the ma
ros
opi
 entropy of a bla
k hole with a given set of 
harges, onesimply 
ounts the supersymmetri
 states in the low energy worldvolume theory of a �vebrane wrapped soas to give rise to those 
harges.So the �rst question to ask is what 
on�gurations of �ve branes gives rise to a given set of 
harges(p�; q�). In [4℄, the authors restri
t themselves to the magneti
 
harge p0 = 0. Nonzero p0 would
orresspond nontrivial S1 �brations and hen
e 
ompli
ate the analysis. However nonzero ele
tri
 
harge,q0, under the 4D graviphoton is simply 
arried by M-theory states with momentum q0 along the S1 
ir
le.Furthermore magneti
 
harges under a gauge �eld obtained by wrapping the three form C��� on a 2-
y
le�A are 
arried by �vebranes wrapped on S1 times a four 
y
le P dual to �A under the interse
tionform. Ele
tri
 
harges under this same gauge �eld 
an be 
arried either by membranes wrapping �A, orequivalently by the 
ux of the self dual threeform �eld strength h = db of the two-form b whi
h propagateson the �vebrane world volume. The 
ux h 
arries this \membrane" 
harge be
ause of a Chern-Simons
oupling between the bulk Ramond-Ramond three form C and the world volume 
ux h:SCS = ZR�S1�P h ^ C:Having identi�ed how all the 
harges 
an arise mi
ros
opi
ally from �vebranes wrapped on a general4-
y
le P with possible h 
uxes, we must now ask what the low-energy, worldvolume theory of 
u
tuationsof this �vebrane system is. Working in the regime where the volume ofM is mu
h smaller than the radiusR of the S1, one 
an view the 
u
tuations as 
u
tuations in the moduli of the four-
y
le P and the 
uxesof the worldvolume two-form b as one travels around the 
ir
le, and through time. These 
u
tuations
an be understood as a sigma model of maps from S1 �R into the �vebrane moduli spa
e. Furthermore,it is a (0; 4) supersymmetri
 
onformal �eld theory. The (0; 4) SUSY is inherited from dimensionallyredu
ing the (0; 2) SUSY of the �vebrane theory on P � S1, and it is 
onformal be
ause there are nomassive ex
itations. Supersymmetri
 states are then those states that ex
ite only left movers, and leavethe right movers in their ground state, sin
e the super
harges are all right moving and all annhilate theright moving ground state.Let us now 
ount the number of supersymmetri
 states of a bla
k hole with ele
tri
 
harge q0 andmagneti
 
harges pA, where the pA's are given by the expansion 
oeÆ
ients of the poin
are dual of thehomology 
lass of the �vebrane world volume P in a basis wA of H2(M;Z). We will deal with the more
ompli
ated 
ase of nonzero ele
tri
 
harges qA later. The entropy is given by the number of possibleex
itations of the sigma model with total momentum along S1 equal to q0. As the theory is 
onformal,the left moving side is 
hara
terized by a 
entral 
harge 
L, and the asymptoti
 growth in the number ofstates for large q0 � 
L is given by Smi
ro = 2�r
Lq06 (6)This formula 
an be roughly be thought of as an approximation to the logarithm of the number of waysto partition q0 units of momentum among 
L os
illators.Thus we have redu
ed the mi
ros
opi
 entropy to 
al
ulating the left moving 
entral 
harge 
L of thetheory. In this parti
ular theory, 
L = dP + b�2 + 3: (7)3



Namely ea
h left moving boson 
ontributes one to 
L with dP bosons 
oming from the dimension of themoduli spa
e of �vebrane world volumes, i.e., the moduli of P embedded inM , and b�2 left moving s
alars
oming from dimensionally redu
ing the �vebrane two-form b on an anti-self dual two-
y
le 2, and threebosons 
oming from transverse os
illations of the S1 in un
ompa
ti�ed spa
e.dP 
an be 
al
ulated using a standard tri
k in algebrai
 geometry, namely to 
onsider an auxiliaryholomorphi
 line bundle L over M with �rst 
hern 
lass 
1(L) poin
are dual to P . This means that Lhas a se
tion s whose zero lo
us is P . Now as we move around in the spa
e of se
tions of L, we willtra
e out a family of zero lo
i all homologous to P . Multiplying a se
tion by a s
alar keeps �xed the zerolo
us. So the moduli of P 
an be identi�ed with the proje
tivization of the spa
e of se
tions of L andhen
e the number of real moduli is dP = 2(h0(M;L)� 1) where h0(M;L) is the 
omplex dimension of thespa
e of holomorphi
 se
tions of L. Furthermore h0(M;L) 
an be 
al
ulated using a generalization of theRiemann-Ro
h index theorem yielding the �nal answerdP = ZM (13P 3 + 16P
2(M))� 2: (8)b�2 
an also be 
al
ulated using a 
ombination of index theorems for the Euler 
hara
ter � = 2+b+2 +b�2and the signature � = b+2 � b�2 . The right hand side of these index theorems involve 
al
ulations of the
hern 
lasses of P . Cal
ulations of these 
lasses are fa
ilitated by re
ognizing that L is also the normalbundle of P in M and hen
e yields a relation between the total 
hern 
hara
ters:
(TM jP ) = 
(TP )
(LjP ):Using all these index theorems and relations, it is simple to arrive at the �nal formulab�2 = ZM (23P 3 + 56P
2(M))� 1: (9)Now substituing (9) and (8) into (7) and further substituting (7) into (6), we obtain �nally the mi
ros
opi
entropy in the 
ase of no ele
tri
 
harges (qA = 0):Smi
ro = 2�r (P 3 + 
2P )q06 (10)For large bla
k hole 
harges, P 3 � 
2P , this 
an be expanded asSmi
ro = 2�rP 3q06 + 
2P �6r q0P 3 + : : : (11)Re
ognizing that when P is thought of as a two-form and expanded in a basis, P = pA�A, then usingde�nition (4), P 3 = 6DABCpApBpC , and we see that the �rst term in the expansion (11) mat
hes exa
tlythe ma
ros
opi
 entropy (5) when ele
tri
 
harges qA are zero! The remaining terms may be viewed as
orre
tions to the ma
ros
opi
 entropy, whose 
al
ulation was based on the purely 
lassi
al prepotential Fin (3). Of 
ourse this 
lassi
al approximation 
annot be expe
ted to be exa
t. Indeed the se
ond term inthe expansion 
aptures a one-loop 
orre
tion to the ma
ros
opi
 entropy due to an R4 term in the originald = 11 M-theory a
tion [4℄.The in
lusion of ele
tri
 
harges, although not hard to understand, is slightly more 
ompli
ated toexplain, and in an e�ort to keep this paper shorter than the paper it aims to summarize, we will give a2The self-duality 
ondition on the �eld strength h = db for
es s
alars obtained from b wrapped on a self-dual 2-
y
le tobe right moving and s
alars obtained from b wrapped on a anti-self dual 2-
y
le to be left moving.4



very brief treatment of it. Re
all that membrane 
harge is 
arried by the 
ux of h through 3-
y
les of theform S1��A, with �A a 2-
y
le in the �vebrane world volume, i.e. in P . Further re
all that a s
alar in thesigma model is obtained by wrapping the two form b on the 
y
le �A by making the ansatz b = XA(�; �)�A(no summation). Here �A is a two-form dual under integration to the two-
y
le �A. For
ing h = db (aformula whi
h only applies lo
ally) to have nontrivial three 
ux through S1 � �A then for
es the s
alarXA to have nontrivial winding around S1. This is the result we are after. Ele
tri
 
harges qA are 
arriedin the sigma model, by states with nontrivial winding in the s
alars XA. A nonzero winding number ofthe s
alars, shifts the ground state energy and momentum of the e�e
tive two-dimensional theory. Thisin turn leads to an e�e
tive shift in q0 to a new ~q0 given by~qo = q0 + 112DABC pCqAqB : (12)Substituting ~q0 in pla
e of q0 in (11) yields to lowest order the 
lassi
al ma
ros
opi
 entropy (5) withnonzero ele
tri
 
harges qA.4 Regimes of ValidityThe above agreement works well, but unlike in [4℄, we have up till now been relatively glib about theregimes in moduli spa
e where ea
h entropy 
al
ulation, whether ma
ros
opi
 or mi
ros
opi
, is valid. Itis time to be more pre
ise about these regimes of validity in order to justify the approximations madein se
tions 1 and 2 and to understand the origin of 
orre
tions to either 
al
ulation. The parameters wehave to play with are the bla
k hole ele
tri
 
harge ~q30 , magneti
 
harge P 3, the radius R of the S1, andthe volume VM of the Calabi-Yau M .The supergravity approximation used to 
al
ulate (5) works well when all s
ales are large in 11 di-mensional plan
k units, in
luding VM and R. VM is a hypermultiplet s
alar whi
h is a freely adjustable
onstant throughout the solution. However R3VM is a ve
tor multiplet whose value, via the dampedgeodesi
 equations, is for
ed to attain q ~q30P 3 at the bla
k hole horizon. Thus we require ~q30 � P 3, whi
hin
identially justi�es the approximation made in (6). Also demanding that the bla
k hole supergravitysolution is weakly 
urved means requiring large magneti
 
harges, whi
h via BPS 
ondition translates intolarge mass or weak 
urvature. In essen
e we require P 3 � VM .In 
ontrast, the validity of the dual perspe
tive, or the low energy sigma model theory of �vebrane
u
tuations, depends on the �vebranes being far apart from ea
h other and on their being embedded ina large spa
e so one 
an keep the low energy des
ription of the �ve brane. This 
orresponds to small
harges, and large Calabi-Yau volumes, or P 3 � VM . This is the opposite of the requirement of thevalidity of the supergravity 
al
ulation, but as mentioned before, VM is in a hypermultiplet and 
an bevaried 
ontinuously from small to large without a�e
ting the number of BPS states, so the 
on
i
tingrequirements do not pose a problem. However, for the 
u
tuations of the �vebrane to redu
e to a sigmamodel, it was required that R6 � VM . Satisfying this means moving around in the ve
tor multiplet modulispa
e away from the region of validity of the supergravity approximation, and so an impli
it assumptionin this work is that the number of BPS states do not 
hange as one does this. This assumption is justi�edin hindsight by the relatively good agreement between the two 
al
ulations.Thus the moral of this work, is that the SAME 1/2 BPS obje
t with a given set of 
harges (p�; q�) isbest des
ribed as a bla
k hole supergravity solution in one region of moduli spa
e, and by a sigma modelof the low energy 
u
tuations of a 
olle
tion of �vebranes in another region of moduli spa
e. One 
an
al
ulate entropies in both des
riptions and hope for a mat
h. The fa
t that the mat
h works out so wellhinges on the BPS properties of the states being 
ounted, and their relative stability under 
hanges ofmoduli. However the mi
ros
opi
 
al
ulation hints at a host of gs and �0 
orre
tions (in IIA language)5



to the ma
ros
opi
 entropy, and, as they say in [4℄, it would be interesting to reprodu
e these 
orre
tionsto the entropy, or area of the bla
k hole horizon as a supergravity solution, from 
orre
tions to thesupergravity equations themselves.
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